DONALDSON-THOMAS INVARIANTS OF CERTAIN 
CALABI-YAU 3-FOLDS 



WEI-PING LI 1 AND ZHENBO QIN 2 

Abstract. We compute the Donaldson-Thomas invariants for two types of 
Calabi-Yau 3-folds. These invariants are associated to the moduli spaces of 
rank-2 Gieseker semistable sheaves. None of the sheaves are locally free, and 
their double duals are locally free stable sheaves investigated earlier in jDTl 
ITho|, |LQ2| . We show that these Gieseker moduli spaces are isomorphic to some 
Quot-schemes. We prove a formula for Behrend's ^-functions when torus ac- 
tions present with positive dimensional fixed point sets, and use it to obtain 
the generating series of the relevant Donaldson- Thomas invariants in terms of 
the McMahon function. Our results might shed some light on the wall-crossing 
phenomena of Donaldson-Thomas invariants. 



1. Introduction 

The Donaldson-Thomas invariants of a Calabi-Yau 3-fold Y essentially count 
the number of stable sheaves on Y. It attracts intensive activities recently due 
to the conjectural relations with Gromov-Witten invariants proposed by Maulik, 
Nekrasov, Okounkov and Pandharipande. The moduli space of stable sheaves in 
|MNOP] consists of ideal sheaves defining 1-dimensional closed subschemes of Y 
with some O-dimensional components and some embedded points. The Donaldson- 
Thomas invariants associated to the O-dimensional closed subschemes of Y have 
been determined in |JLil IBF| ILPj . Curves on Y may also be related to rank-2 
vector bundles via the Serre construction. In fact, the first example of Donaldson- 
Thomas invariants in [DT| ITho] counts certain stable rank-2 sheaves on the Calabi- 
Yau 3-fold Y which is the smooth intersection of a quartic hypersurface and a 
quadric hypersurface in P 5 . In [LQ2|, we studied some moduli spaces of rank- 
2 stable sheaves on a Calabi-Yau hypersurface of P 1 x P 1 x P n for n > 2 and 
computed the corresponding Donaldson-Thomas invariants of the 3-fold Y when 
n = 2. The idea in |DT[ ITho] and |LQ2] is to give a complete description of the 
moduli spaces. Let L (respectively, c ) be the ample line bundle (respectively, total 
Chern class) considered in |DT| ITho] or [L~Q2 . Then the moduli space 9JTl(c ) of 



rank-2 Gieseker L-semistable sheaves with total Chern classes c consists of two 
smooth points for the case in |DT| IThoj and is a projective space for the case in 
|LQ2|. It turns out that in both cases, all the sheaves in OJt^(co) are stable and 
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locally free. Here c is chosen as in Theorem A and Theorem B. For a general total 
Chern class c , a full description of the moduli space 9JTl(c ) is yet to be done. 

In this paper, we compute the Donaldson-Thomas invariant, denoted by X(L, c m ), 
associated to the Gieseker moduli space 9Jtr,(c m ) where 

c m = c - m[y ] 

and Dq G Y is a fixed point. Again, an important ingredient is to understand 
9^L(c m ). We show that whenever 9Jtk(c m ) with m ^ is not empty, none of the 
sheaves E G 9Jli(c m ) are locally free but their double duals E** are locally free 
and contained in the moduli space TIl(c ) considered in [DT\ ITho] and |LQ2J . 

More precisely, for the pair (L, c ) from |DT[ ITho] , let the two smooth points in 
9^l(co) be represented by the rank-2 stable bundles E 0t i and E ^- If 07ti(c m ) ^ 0, 
then m is even and nonnegative. When m > 0, the moduli space 9JtL(c 2m ) is 
isomorphic to the disjoint union of the Quot-schemes Quot^" o 1 and Quotg 02 . 

Theorem A. Let Qo be a smooth quadric in P 5 ; H be a hyperplane in P 5 , P be a 
plane on Qo, and Y be the Calabi-Yau 3-fold which is the smooth intersection of a 
quartic hypersurface and Qo in P 5 . Let the total Chern class be 

c = 1 + H\ Y + P\y- 

Let x(Y) be the Euler characteristic ofY, and M(q) = [j^ wz^nf^ be the McMa- 
hon function. Then, 

^A(L,c m ) q m = 2-M(q 2 ) 2 ^ Y \ 

Next, let Y be the Calabi-Yau 3-fold considered in [LQ2| , i.e., Y is a smooth 
Calabi-Yau hypersurface of P 1 x P 1 x P 2 . Let L Y T = L = tt|O f i(1) ® vr;C P 2(r)| y be 
a Q-line bundle on Y where 7Tj is the z-th projection of P 1 x P 1 x P 2 . Let 

2(2-e 2 )/(2 + ei ) <r <2(2-e 2 )/ ei 

where e 1; e 2 = 0, 1 appear in the definition of the total Chern class c m in (11.11) . In 
|LQ2|, we proved that 9Jt£,y(co) is isomorphic to a projective space and consists of 
stable bundles. Let £ be a universal vector bundle over 9Jt L y(co) x Y, and let 

Quot £o/ = Quot £o/M ^ (co)xy/M ^ (co) 

be the relative Quot-scheme. If 3Jlx,y(c TO ) ^ 0, then m is even and nonnegative. 
When m > 0, the moduli space 9Jt_L(c 2m ) is isomorphic to Quot^^. 

Theorem B. Let Y C P 1 x P 1 x P 2 be a generic smooth Calabi-Yau hypersurface. 
Let ei,e 2 = 0, 1, and k = (1 + ei)(4 - e 2 )(3 - e 2 )/2 - 1. Let n : Y -> P 1 x P 2 be 
the restriction to Y of the projection of P 1 x P 1 x P 2 to the product of the last two 
factors. Fix a point yo G Y , and define in A*(Y) the class 

c m = -m[yo] + (1 + tt*(-1, 1)) • (1 + 7r*( ei + 1, e 2 - 1)) (1.1) 

where (a, b) denotes the divisor a({p} x P 2 ) + ^(P 1 x H) for a line H in P 2 . 
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(i) IfO < r < 2(2 - e 2 )/(2 + ei), then c m ) = for all m e Z. 

(ii) 7/2(2 - e 2 )/(2 + ei) < r < 2(2 - e 2 )/e l , then 

KL Y r, c m )q m = (-1)' • (k + 1) • M(g 2 ) 2 *( y >. 

meZ 

In fact, if < r < 2(2 — e 2 )/(2 + ei), then the moduli space 9Jli(c m ) is empty 
for all meZ. Therefore r = 2(2 — e 2 ) /(2 + ei) may be regarded as a wall, and the 
open intervals (0,2(2 - e 2 )/(2 + e x )) and (2(2 - e 2 )/(2 + ei), 2(2 - e 2 )/e 1 ) maybe 
regarded as two chambers. From this point of view, Theorem B (ii) provides a wall- 
crossing formula for the Donaldson- Thomas invariants. Due to their connections 
with Hall algebras, wall-crossing formulas for Donaldson-Thomas invariants have 
been investigated intensively in the past few years (see |Joy[ |J5| IKL1 IKS} ITodlj and 



the references there). A concrete wall-crossing formula was obtained in |KLj under 
certain conditions which are not satisfied in our present situation. Our results 
might shed some light on the general properties of these wall-crossing formulas. 

In addition to understanding the moduli spaces of Gieseker semistable sheaves, 
another essential ingredient in the proofs of Theorem A and Theorem B is the 
following result concerning Behrend's ^-function when a torus action exists. 

Theorem C. Assume that T = C* acts on a complex scheme X which admits a 
symmetric obstruction theory compatible with the T '-action. Let P e X J . Then, 

(i) X T admits a symmetric obstruction theory; 

(ii) v x (P) = (-l) dimTpX - dimTp( - xT) ■ u x t(P), where T P X denotes the Zariski 
tangent space of X at P and Vx denotes Behrend's v -function for X. 

When P e X T is an isolated T-fixed point, Theorem C (ii) has been proved in 
|BF] . It also follows easily when X is locally the critical scheme of a regular func- 
tion / on a smooth scheme M, i.e., X = Z(df) locally. This is due to the fact that, 
in this case, v x {P) can be computed via the Euler characteristic of the Milnor fiber 
obtained from /. In [JS jlBG] , it is shown that the moduli spaces of Gieseker stable 
sheaves on a Calabi-Yau 3-fold are locally critical schemes. Therefore the results 
from |JSl IBG] are sufficient for the computation of Donaldson-Thomas invariants. 
However, in [MPT], an example where a scheme X admitting a symmetric obstruc- 
tion theory is not locally critical has been constructed. Hence Theorem C could 
be useful to a general X with just a symmetric obstruction theory. 

By the results in [Ben] , the Donaldson-Thomas invariant A(L,c m ) coincides 
with the weighted Euler characteristic x(^i( c m)) °f the moduli space 971l(c to ) 
(see (12.11) for the definition of x{'))- By standard techniques, the computation of 
X\Wt L (c m )) reduces to the relevant punctual Quot-schemes. It turns out that these 
punctual Quot-schemes admit T-actions. The T-fixed loci are the unions of certain 
products of the punctual Hilbert schemes of 0-dimensional closed subschemes on Y. 
A combination of Theorem C and the results in [JLi] IBF1 ILP] regarding punctual 
Hilbert schemes yield Theorem A and Theorem B. 

In [MNOPj . the Donaldson-Thomas invariants are defined via the moduli space 
of ideal sheaves Iz where the dimensions of the closed subschemes Z are equal 
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to one. Most of the computational results in the literature are concentrated on 
this type of invariants. Via the Serre construction, curves on Y correspond to 
rank-2 vector bundles on Y. With this point of view, Theorem A is comparable to 
the Donaldson-Thomas invariants corresponding to super-rigid curves considered in 
|BB] . An irreducible super-rigid curve C in Y has normal bundle Oc(— l)®Oc{ — 1) 



and thus can not deform; in our case, Eq^ and Eq^ have no deformation either, and 
thus are similar to super-rigid curves. Theorem B is comparable to the Donaldson- 
Thomas invariants corresponding to the moduli spaces of ideal sheaves Iz where 
the topological invariant [Z] of Z is fixed in H 2 (Y,7j) but the curve component of 
Z has a positive dimensional moduli. 

We remark that recently Stoppa [Stoj and Toda [Tod2j worked on D0-D6 states 
counting which is similar to this paper. For example, sheaves in [Stoj are isomorphic 
to the trivial vector bundle of some rank outside a finite set of points. Thus the 
invariants counted there are higher rank generalizations of degree zero Donaldson- 
Thomas invariants for ideal sheaves defined in [MNOPj . While their work deal 
with sheaves with vanishing first and second Chern classes on arbitrary Calabi- 
Yau three-folds, sheaves in this paper have non-zero first and second Chern classes 
on some special Calabi-Yau three-folds. So our paper studies the generalization 
of the Donaldson-Thomas invariants for ideal sheaves in [MNOPJ with non-trivial 
contributions from curve components. While the methods used in [Stoj and |Tod2] 
include powerful wall-crossing techniques developed in [J51, [KSJ and Bridgeland 
stability conditions, this paper uses complete descriptions of moduli spaces to carry 
out the computations. 

The paper is organized as follows. In £j2j we prove Theorem C. In £j3j we review 
virtual Hodge polynomials, and compute the Euler characteristics of Grothendieck 
Quot-schemes. The results are of independent interest, and will be used in £JU In 
§H we verify Theorem A and Theorem B. 

Acknowledgment: The authors thank H.L. Chang, Y.F. Jiang, S. Katz, Jun Li, 
R. Pandharipande for valuable discussions. In addition, the second author thanks 
HKUST for its warm hospitality and support during his visit in January 2010. 



2. Behrend's //-functions for schemes with C*-actions 

For a complex scheme X, an invariant v x of X was introduced in |Beh] . The 
invariant vx is an integer-valued constructible function defined over X. Following 
|Beh] , the weighted Euler characteristic of X is defined to be 

X(X) = X (X, v x ) := Yl n ■ *(i x e X\v x {x) = n}) (2.1) 

where x(-) denotes the usual Euler characteristic of topological spaces. Let T = C* 
act on X which admits a symmetric obstruction theory compatible with the Tr- 
action. By |BFj . if P e X J is an isolated T-fixed point of X, then 



v x (P) = (-l) dimT " 



(2.2) 
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where TpX denotes the Zariski tangent space of X at P. However, for the cases 
considered in our paper, the fixed point sets X T will be positive dimensional. Our 
goal is to prove Theorem C which generalizes ( 12.2ft to the case when P e X T is not 
necessarily an isolated T- fixed point of X. Theorem C reduces the computation of 
the i/-function of X to that of the fixed point set X J . 

We begin with a few technical lemmas regarding Thorn classes. Elementary 
properties about Thorn classes can be found in [BTj . Let 

A n = {(zi,...,4;zi,.--,4)}cC n xC n , 
F = {(z 1 ,..,2 m ,0,..,0;2 1 ,..,z ra ,0,..,0)}cC n xC" 

We orient A n so that the natural map C" — > A n defined by 

) (2-3) 

is orientation-preserving. Let A m = A n fl F. The intersection of A n and F along 
A m is not transversal. However, a direct computation shows that (T An \ Am ) H 
(^VIato) — T Am . Consider the following commutative diagram of maps: 






















t 




t 




t 




->■ 


^A m cF 


->• 


^A„cC"xC" A m 


— >■ 


M 


-> 




t 




t 




t 




->■ 


T F A m 


->• 


Tc n xC n \A m 


-> 


^V"fcC™xC" A m 


-> 




t 




t 




t 




-»■ 




->• 


^A n A m 


-> 


N AmC A n 


-4- 




t 




t 




t 






















(2.4) 



where M is defined to be the quotient (A^a„cc™xC" U m )/^A m cF- Note that M is 
a rank-(2n — 2m) real vector bundle over A m . Let wa„, ^A m and % be the Thorn 
classes of the vector bundles -/Va„cc™xC>, N ArnC p and M respectively. 

Lemma 2.1. Let % : F > C n x C n 6e i/ie inclusion map, let r : N AmC p — >■ A m 6e 
i/ie natural projection, and let xiM) be the Euler class of M. Then, 

Proof. The exact sequence — » N AmCF — ► ^AnCPxc™ U m — >■ M — >- splits as 
smooth vector bundles. Let ~K\ and 7T2 be the projections of the bundle N Am cF®M 
to N ArnC p and M respectively. Then we have a commutative diagram: 

A^cOxcHa™ = Nj\ mC p © M ^> M 

4- n i 4 
N Am cF — ► A m . 

Thus WA n |(v AnCC n xC n| Am ) = 7r*^A m U tt^m where 7r|a>Ar is the Thorn class of r*Af 
over the space N AmC p. Since N AmC F © M can be identified with t*M and 



^A mC F N AmC p © M = r*M 
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can be regarded as the zero section of the bundle r*M over N ArnC p, we have 

w A n |(iv AmCF ) = w Am U r*x(M). 

Here we have used the fact that if s is the zero section of a vector bundle E — > Y 
and u is the Thorn class of E, then s*u is the Euler class x{E) of E. Since A m is 
a real linear subspace of F, N& mCF = F. Therefore, i*0JA n = ^A m U r *x(M). □ 

Next, we fix some ^-action on C x C™. Let z±, . . . , z n , z±, . . . , z n be the coor- 
dinates of C n x C n . For t G S l and 1 < i < n, let t{z-) = t r 'Zi and tfe) = t~ r 'Zi 
where V{ G Z. Let r« = for 1 < i < m and ^ for m + 1 < % < n. Then, 

F = (C™ x C n ) s \ 

Lemma 2.2. In i/ie S 1 -equivariant cohomology Hgi(F), we have 

■* / i \ n- m/ \j_n—m 

t wa„ = (-1) {r m +i • ■ -r n )t co Am - 

Proof. Note that the arguments in the proof of Lemma 12.11 go through in the S 1 - 
equivariant setting (e.g., the smooth splitting A^cOxC" U m — ^A m cF © M is 
S" -equivariant). Thus Lemma [2.11 holds in Hgi(F), and it suffices to show that 

X51 (M) = (-l) n " m (r m+1 ■ • • r n )t n ~ m . (2.5) 

Let P G C n x C n be the origin. By the first horizontal exact sequence in (j2.4j) . 

M| P = (iV A „cc™xc™)|p/(^ r A m cF)|p- (2.6) 

Let N n = (A^A n cC n xC™)|p = 7p(C n x C n )/T P A n be the normal space. For each 
2j G C, write ^ = X{ + a/— Twj and 5j = X{ + v^— lj/i- Then, 

T P A n = {( Zl , ...,z n ;z h .. .,z n )} C T P (C" x C"). 

As an R-subspace of T P (C n x C n ) = C n x C n , T P A n has a basis consisting of 

wi = (1,0,...,0,0;1,0,...,0,0), 
u 2 = (0,1,...,0,0;0,-1,...,0,0), 



w 2n -i = (0,0,..., 1,0; 0,0,..., 1,0), 
m 2 „ = (0,0,..., 0,1; 0,0,..., 0,-1). 

Recall that the orientation of A n is such that the map (12.31) is orientation preserv- 
ing. Thus the ordered basis {ui, . . . , U2n} is the orientation of TpA n . Define 

(p: T P {C n x C n ) -»■ C n 

by ^(zj., . . . , z n ; Zi, . . . , z n ) = {z\ — z±, . . . , z n — ~z n ). It is easy to check that 
ip(TpA n ) = 0. Thus if induces an isomorphism of vector spaces over R: 

r p( c»xc») 

T P A„ 
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stilled denoted by (p. The quotient space N n is equipped with the orientation 

v x = (0,...,0;1,...,0), 

v 2n = (0,...,0;0,...,1). 

Now ip(vx) = (1, . . . , 0), . . . , ip{v 2n ) = (0, . . . , 1). Since {u u . . . , u 2n , i>i, ■ ■ ■ , v 2n } 
agrees with the orientation of Tp(C n x C n ), ip is orientation-preserving. 
Similarly, let N m = (NA mC p)\p = TpF/TpA m . Then we have 

N _ {(z 1 ,...,z m ,0,...,0;~z u ...,2 m ,0...,0)} c T P (C"xC") _ ^ 

{(z 1 ,...,z m ,0,...,0;z 1 ,...,z m ,0,---,0)} T P A n 

Introduce a well-defined map ip : N n — > C n_m given by 

[v^lj • • • j %n: Z\. . . . . ^n)] ' ^ Zm~l: • • • : Z n Zri) • 

Clearly ip(N m ) = 0. Therefore ip induces an isomorphism of vector spaces over R. 

N 

M\ P = ->■ C n ~ m , 

stilled denoted by ip, where we have used (12. 6ft . One checks that 
ip(v 2m +i) = (1, . . . , 0), . . . , ip(v 2n ) = (0, . . . , 1). 

50 ip is an orientation-preserving isomorphism. Define an ^-action on C n_m by 

t • (a m +i, . . . , a n ) = (t rm+1 a m+ i, . . . , t rn a n ). 
Then the isomorphism ip is S^-equivariant since 
ip(t- [(zi, . . . , z n ; z u . . . , z n ))) 

V* ( [(^1 5 • • • 5 ^mi ^ + Z m j r \ , . . . , t 2 n , , . . . , £ m , ^ + ^m+1 ; • • • > t ^n)] ) 
("y-— r m+ is _ +r m+ i ~ "T f~ Tn 7 — fn.9 "] 

= ■■■,*»)])■ 

It follows that Xs i(M) = (-r m+1 )t • • • (-r n )t = (-l) n " m (r m+1 • • -r n )r- m . □ 

We continue with the S^-action on C ra x C™ defined earlier. Fix holomorphic 
functions fi, ...,/„ in the variables zi, . . . , z n such that the degree of each fa with 
respect to the ^-action is — ?y Then . . . , z m , 0, . . . , 0) = for all m + 1 < 

% < n. For 1 < i < m, let /^i, . . . , z m ) = ffa, . . . , z m , 0, . . . , 0). Then, f u . . . , f m 
are holomorphic in Zi,...,z m . Let r C C" x C™ be defined by the equations 

51 = f u . . . , z n = /„. Then r n F is given by {z x = fa . . . , z m = f m } C F. 

Lemma 2.3. In the S 1 -equivariant cohomology H%i(F), we have 

i*u r = (-l)"" m (r m+1 • • -r n )t n - m u rnF , 

where Ur is the Thorn class of the normal bundle of F in C" x C". and u>rnF is 
the Thorn class of the normal bundle ofTC\F in F. 
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Proof. First of all, note that the tangent space of T is spanned by the ordered basis 



Thus the normal vector bundle iVrcOxO is spanned by 

( d J± ^L._! o) ^-0 -1) 

Using these, one checks that (T r | rn ^) D (T F \ rnF ) = T rnF and that 

M := (N rcc 

is a complex bundle. By the same arguments as in the proofs of Lemma 12.11 and 
Lemma [2.21 i*ur = wrnF U xs 1 {M). Hence it remains to prove that 

Xsi(M) = (-l)"" m (r m+1 • • -r n )t n - m . 

Next, note from the assumptions about the functions fx, ... , f m , f m +i, ■ ■ ■ , f n 
that the restriction A^rcC"xc n |rnF is spanned by 



Wi 



UK, 



(H± ^LL 0--1 0) 



^ q i u. . . . , u, u, . . . , J., u . . . , uy , 

dz m+ i ' c?2 r , 



w m+ i = (o. ...,o,- — ;0,...,o, -i...,o). 



<4 = (0....,0,-^,...,|^;0,...,0,0...,-l). 

In addition, since the degree of f m +i with respect to the ^-action is — r m+1 , for 
each component df m+ \/dzj in w m+ i, we have either df m+ i/dzj = or r 3 - = — r m+1 . 
So t ■ w m+ i = t~ rm+1 w m+1 under the S^-action on C n x C n , where we regard 
w m+ i G C n x C n with -2 m+ i = . . . = z n = and with Zi, . . . , z m fixed. Similarly, 

t ■ wj = t~ T] Wj for j > m + 1. 

Since the normal bundle NmFcF is spanned by Wi, . . . ,w m , the bundle M is 
spanned by w m +i, • • • , w n , i.e., the bundle M is S^-equivariantly isomorphic to the 
trivial bundle (r n F) x C"" m where S 1 acts on C n " m by 

t ■ (b m+l , ...,&„) = (t~ rm+1 b m+1 , . . . , r rn b n ). 

Therefore, Xs i(M) = {-r m+1 )t ■ ■ ■ {-r n )t = (-l) n " m (r m+1 • ■ ■ r n )t". □ 

Theorem 2.4. Assume that T acts on a complex scheme X and that X admits a 
symmetric obstruction theory compatible with the T-action. Let P G X J . Then, 

(i) X T admits a symmetric obstruction theory; 
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(ii) U X (P) = (_l)dimT P X-dimTp(^) . ^ T (p). 

Proof. We will prove the statements etale locally. As in Subsect. 3.2 of [BF], we 
may assume that A = Z(u) C C n and P G A is the origin of C n . Here n = 
dim Tp A and u is a T-invariant almost closed 1-form on C n . Let Z\, . . . , z n be the 
coordinates of C n , and zi, • • • , z m z i, ■ ■ ■ , z n be the coordinates of Qc™ = C n x C n . 
Let uj = X^r=i fidzi where the functions fa are holomorphic in zx, ■ ■ ■ ,z n . 

(i) For t G T and 1 < i < n, let t(zi) = t Ti Zi where G Z. Then the degrees of 
both Zi and /, with respect to the T-action are equal to — r*. Assume that r« = 
for 1 < i < m and 7^ for m + 1 < 2 < n. Then fi(zx, ■ ■ ■ , z m , 0, . . . , 0) = for 
all m + 1 < i < n. For 1 < % < m, let . . . , z m ) = /i(2;i, . . . , z m , 0, . . . , 0). 

Since A = Z(w) = {j\ = 0, ...,/„ = 0} and (C") T = {^ m+1 = 0, . . . , z n = 0}, 

A T = A n (C n ) T = {fx = 0, . . . , f n = 0, ^ m+1 = 0, . . . , z n = 0} 
= {/1 = 0, . . . , /m — 0) ^m+l = 0, . . . , z n = 0}. 

So regarded as a subvariety of C m , A T = Z(cj t ) where u T = YlT=i fi^ z i- 

To show that A T admits a symmetric obstruction theory, it suffices to prove that 

i=i (mod (/„...,/„), (27) 

for 1 < i, j < m. Since u = Yji=i fi^ z % * s an almost closed 1-form, we have 

(mod (/i,...,/ n )), 



dh^dfi 

dzj dzi 



for 1 < i, j < m, i.e., there exist holomorphic functions gx,...,g n such that 

^L = ^k + y ghfk . (2.8) 

dz* dzi ^ ykJk v ; 

J k=x 

Setting z m+ i — . . . = z n = 0, we obtain the relations (12.71) . 

(ii) First of all, we claim that dimTp(A T ) = m. Indeed, let m P be the maximal 
ideal of the local ring of A T at P. Since A T is defined by fx — 0, . . . , f m — 0, 

T 

dimT P (A T ) = dim — ^ = m - rank (J T ) (2.9) 
(mp) 

where J T = [0/i/0Zj(P)] 1<ijXm is the Jacobian matrix at P = (0, . . . , 0) G A T C 
C m . Similarly, since A is defined by the equations fx = 0, . . . , f n = 0, 

dim Tp X = n — rank(J) 

where J = [dfifdZj(P)] %< . . <n is the Jacobian matrix at P — (0, . . . , 0) G X C C n . 
Note that dimTpA = n. So rank(J) = 0, and dfi/dzj(P) = for all 1 < i, j ' < m. 
Setting z m+1 — . . . — z n — 0, we conclude that dfi/dzj(P) = for all 1 < i, j < m. 
Hence J T is the zero matrix, and dimTp(A T ) = m in view of (12. 9ft . 

Next, let C c — >■ fie™ be the embedding of the normal cone Cx/c™ m to Oc™ 
given by w. Let A n be the subspace of Qc n = C" x C" consisting of all the 
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points (zi, . . . , z n , Zi, . . . ,z n ). Orient A n so that the map C n — > A n is orientation- 
preserving. For rj G C — {0}, let T v be the graph of the section I/77 • u of f2 C n, i.e., 
is the subspace of Qc n defined by the equations r/Zi = fi, 1 < i < n. Again, 
orient T v so that the map C n — > F v is orientation-preserving. From the proof of 
Proposition 4.22 in [Beh] . we see that P is an isolated point of the intersection 
C R A n , lim^ofr^] = [C], and Vx{P) = ^{p}([C]> IAn]) which denotes the intersec- 
tion number at P of the cycles [C] and [A n ]. Therefore, Vx{P) — ^{P}([r?,], [A n ]) 
whenever |^| 7^ is sufficiently small. For simplicity, let 77 = 1 and T = Ti. Then 

u x (P) = I {P} ([T],[A n ]). 

Computing this in the equivariant cohomology /fgi(flo) where the S^-action on 
fie™ is the one induced from the T-action on Q^n , we obtain 

u x (P) = [ u r UuA„ (2.10) 



where ur U wa„ £ #c?i(Ut>)- Similarly, regarding Qc m C f2<c™ and letting r T = 
r fl f2 C m be defined by the equations z\ = fi, 1 < i < m, we have 

z/ xT (P) = / WrT Uw Ara (2.11) 

Let i : F :— Qc m ^ ^c n be the inclusion map. Using the localization theorem 
and computing in the localized equivariant cohomology, we have 

f(u r UuA») \ . f «*wrUfw A „ 
lot U ua„ = 1* 777 r = 



^(m^-coo.)/ * v(-i)"- m (^ + i---^ 2ri - 2m ; ' 

Therefore, we conclude from Lemma 12.21 and Lemma 12.31 that 

co r U w An = (-l)"^ m ■ z,(a; r T U co A J. 
In view of (12101) and (I23T1) . we obtain z/ x (P) = (-l)™~ m . z/ x t(P). □ 



3. Euler characteristics of Grothendieck Quot-schemes 

In this section, we will compute the Euler characteristics of the Quot scheme 
Quot™®r where Y is a smooth projective variety. The results will be used in the 
next section for the computation of Behrend's //-function. 

3.1. Virtual Hodge polynomials and Euler characteristics. 

First of all, let Y be a reduced complex scheme (not necessarily projective, 
irreducible or smooth). Mixed Hodge structures are defined on the cohomology 
Hf!(Y,Q) with compact support (see |De"H IDK] ). The mixed Hodge structures 
coincide with the classical one if Y is projective and smooth. For each pair of 
integers (m,n), define the virtual Hodge number 

e m ' n (Y) = ^2(-l) k h m ' n {Hj:(Y,Q)). 

k 
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Then the virtual Hodge polynomial of Y is defined to be 

e(Y; s,t) = J2 e m ' n {Y)s m t n . (3.1) 

m,n 

Next, for an arbitrary complex scheme Y, we put 

e{Y;s,t) = e{Y ved ;s,t) (3.2) 

following [Che]. By (13.21) and the results in \DK\ IFul| IChe] for reduced complex 
schemes, we see that virtual Hodge polynomials satisfy the following properties: 

(i) When Y is projective and smooth, e(Y; s, t) is the usual Hodge polynomial 
of Y. For a general complex scheme Y, we have 

e(Y;l,l) = X (Y). (3.3) 

n 

(ii) If Y — Yi is a finite disjoint union of locally closed subsets, then 

i=l 

n 

e(Y;s,t) = Y,e(Y l ;s,t). (3.4) 

i=i 

(iii) If / : Y — > Y' is a Zariski-locally trivial bundle with fiber F, then 

e(Y; s, t) = e(Y'; s, t) ■ e(F; s, t). (3.5) 

(iv) If / : Y — y Y' is a bijective morphism, then 

e(Y;s,t) = e(Y';s,t). (3.6) 
Let T = C*. By the Theorem 4.1 in |LYj . if Y admits a T-action, then 

x (Y) = x(Y T ). (3.7) 

3.2. Euler characteristics of Grothendieck Quot-schemes. 

Let Y be a projective scheme over a base Noetherian scheme B, and let V be a 
sheaf on Y flat over B. Let Quoty '/y/b be ^ ne (relative) Grothendieck Quot-scheme 
parametrizing all the surjections V\y b — > Q — > 0, modulo automorphisms of Q, with 
b £ B such that the quotients Q are torsion sheaves supported at finitely many 
points and h°(Y b ,Q) = m. When B = Spec(C), we put Quoty = Quoty/ y / Spec ( C ). 
An element in Quoty can also be regarded as a subsheaf E C V such that the 
quotient V/E is supported at finitely many points with h°(Y,V/E) = m. 

By the Lemma 5.2 (ii) in |LQ1| , if V is a locally free rank-r sheaf on Y, then 

e(Quoty /y/B ; s,t) = e(Quot™© r/y/B ; s,t). (3.8) 

In the rest of this section, let Y be smooth. For a fixed point y G Y, let 

Quot0 0r (Y,y) C Quot^e, 

be the punctual Quot-scheme consisting of all the surjections Oy r — > Q — > such 
that Supp(Q) = {y} and h°(Y,Q) = m. Let n = dimY. Then, 

Quot™ ffir ( Y, y) = Quot™e, (C\ O) (3.9) 
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where O denotes the origin in C n . Also, when r = 1, Quot^ y is the Hilbert scheme 
Hilb m (F), and Quot£(Y,y) is the punctual Hilbert scheme Flilb m (Y, y). 

Lemma 3.1. Let Y be smooth, and let O be the origin in C™. Then, 

+oo / +oo \ X(X) 

^ X (Quot£ r )g m = ^ X (Quot™e,(C",0))g m . (3.10) 

m=0 \m=0 / 

Proof. There exist unique rational numbers Q n ,r;k,£,m such that 

+°° +°° +°° / 1 \ Qn,r;k,t,m 

^e(Quot^(C",0); S) t)g™ = n II i _ Mm ( 3 - U ) 

m=0 h=l £,m=0 ^ y ' 

as elements in Q[s, £][[?]]■ Define £2„ >r (g, s,t) G Q[s,t][[g]] to be the power series: 



-OO / + OO 



n n , r (g, S ,t) = J2 [J2 Qn,r;k,t,mS l t m q k . (3.12) 
k=l \e,m=0 / 

Using the arguments similar to those in Sect. 6 of |LQ3|, we conclude that 

+00 / +00 ^ \ 

J]e(Quot^ r ;s,t)g m = exp ^ -e(F; s m , r)n n , r (g m , s m , t m ) . (3.13) 

m=0 \m=l / 

In particular, setting s — t — 1 and using C I3 . 31) . we obtain (13 . 101) . □ 
Next, we use a torus action to compute x{ Quot^er(C n , O)). Let 

T = (C*) n+r . (3-14) 

Then T acts on Quot™® r as follows. On one hand, the n-dimensional torus Ti : = 
(C*) n acts on C n . This induces a Traction on Quot™®,.. On the other hand, T 2 : = 
{C*) r acts on 0®„ r via (C*) r C Aut(C®„ r ). This induces a T 2 -action on Quot£© P . 
So T = Ti x T 2 acts on Quot™®,. Note that T preserves Quot?V(C n , O). 
Therefore, we obtain a T -action on Quot0® r (C n , O). More precisely, let 

R = C[*i, ...,z n ] 

be the affine coordinate ring of C n . Denote the elements in Ti, T 2 , To by 

tl = (til, • • • , tl n ), t 2 = (t 2 l> • • • ) ^2r); t = (tl, t 2 ) (3.15) 

respectively. Then, the element ti 6 Ti acts on the ring R by 

ti(z\ 1 ■ ■ ■ z 1 ™) = (tnZiY 1 ■ ■ ■ (ti n z n ) ln , 
and the element t = (t 1; t 2 ) G T acts on the module R r by 

t (/i,...,/ r ) = (*2i-ti(/i), - t 2r -t x {f r )). (3.16) 
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Lemma 3.2. Let E G Quoto ffir (C n , O). Let be the i-th component of R r , and 
let I Zl = EC] R {i) C R {{) = R. Then, E G Quot^(C n , 0) T ° if and only if 

E = I Zl ®---®I Zr , (3.17) 

Zt G Hitt/ (Zi) (C n , 0) Tl for alll<i<r, and i{Z x ) + ... + i(Z r ) = m. 

Proof. It is clear that if E is of the form (l3~T7D . then E G Quot£V(C n , 0) T( >. 
Conversely, let E G Quot^C™, 0) T °. Since both E and i?M are T -invariant, 
I Zi is T -invariant. So I z . is TYinvariant, and Z t G Hilr/ (Zi) (C n , 0) Tl which 
consists of finitely many points. Let 1 denote the identity element in TV Since E 
is invariant by {1} x T 2 C T , we see that E is the span of elements of the form 
/ej G E where / G R and {ei, . . . , e r } is the standard basis of C r . In particular, 

E = I Zl + ... + I Zr . 

So E = I Zl © • • • © iz P - Finally, 1{Z X ) + ... + £(Z r ) = m since dim R r /E = m. □ 

Definition 3.3. Let n > 2 and m > 0. yln n- dimensional partition of m is an 
array (mi 1) ... j i n _ 1 )i li ... j i n _ 1 of nonnegative integers mj li ... i j n _ 1 indexed by the tuples 

G (Z^o)"- 1 (3.18) 
such that mj li ... iiji _ 1 > mj 1) ... i j n _ 1 whenever ii < ji, . . . , i n _i < j n -i, and that 

^ m hl ...,in-i = m - (3-19) 

Theorem 3.4. Lei F fe o smooth projective variety of dimension n. Then, 
+oo /+oo \y-x(y) 

£ x(Quot£ r )? m = E ? »( m )? m ( 3 - 2 °) 

m=0 \m=0 / 

where P n (m) denotes the number of n- dimensional partitions of m. 
Proof. We conclude from formula ( 13. 7ft and Lemma 13.21 that 

+oo +oo 

Ex(Quot™e,(C n ,0))g m = Ex(Quot^(C",0) To )g m 

=o 

+ 0O 

£x(ffilb m (C\0) Tl )g r 

\m=0 

'+oo \ r 

^ X (Hilb m (C",0))g m 
The Euler characteristic x{ Hilb m (C n , O)) is given by the formula: 

+oo +oo 

^ X (Hilb m (C",0))g m = J2 p n(m)q m (3.21) 

m=0 m=0 

(see Proposition 5.1 in |Chej ). Now (I3.20p follows from Lemma [3. II □ 



m=0 m=0 

' +00 
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The generating series for P 3 (m), m > is given by the McMahon function: 

+00 +00 

E P 3(-)<T = M(q) := J] 7^—^ • (3-22) 

m=0 m=l ' 

Corollary 3.5. Let Y be a smooth projective complex 3-fold. Then, 

+00 

x(Quot™ r )<T = M(q) r ^ Y \ (3.23) 

m=0 

Proof. Follows immediately from Theorem 13.41 and f)3.22p . □ 

4. Donaldson-Thomas invariants of certain Calabi-Yau 3-folds 

In this section, we compute the Donaldson-Thomas invariants for two types 
of Calabi-Yau 3-folds. The first type comes from \DT\ IThoj and is studied in 
Subsect. 14.21 The second type comes from |LQ2| and is studied in Subsect. 14.31 

4.1. Donaldson-Thomas invariants and weighted Euler characteristics. 

Let L be an ample line bundle on a smooth projective variety Y of dimension n, 
and V be a rank-r torsion-free sheaf on Y. We say that V is (slope) L-stable if 

Cl {F) ■ Cl {L) n - 1 < Cl (V) ■ c^L)"- 1 
rank(F) r 

for any proper subsheaf F of V, and V is Gieseker L-stable if 

rank(^ ) r 

for any proper subsheaf F of V. Similarly, we define L-semistability and Gieseker 
L-semistability by replacing the above strict inequalities < by inequalities <. For a 
class c in the Chow group A*(Y), let 93?l(c) be the moduli space of L-stable rank-2 
bundles with total Chern class c, and let 9JTl(c) be the moduli space of Gieseker 
L-semistable rank-2 torsion-free sheaves with total Chern class c. 

Next, let (Y, L) be a polarized smooth Calabi-Yau 3-fold. Assume that all the 
rank-2 torsion- free sheaves in DJIl(c) are actually Gieseker L-stable. By the Defi- 
nition 3.54 and Corollary 3.39 in [Tho], the Donaldson-Thomas invariant 

A(L,c)GZ (4.1) 

(also known as the homolomorphic Casson invariant) can be defined via the mod- 
uli space WIl(c). By the Proposition 1.26 in |BFj . WIl(c) admits a symmetric 
obstruction theory. It follows from the Theorem 4.18 in [Behj that 

X(L,c)=x(M L (c)). (4.2) 

Note that if 9JIl(c) is further assumed to be smooth, then 

A(L,c) = (-!)«** BfcCO ■ X (M L (c)). (4.3) 
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4.2. Donaldson-Thomas invariants, I. 

Let Qo be a smooth quadric in P 5 . Identifying Q Q with the Grassmaniann G(2, 4), 
we obtain universal rank-2 bundles B\ and P 2 sitting in the exact sequence: 

(BJ* -> (O Q0 )® 4 -> P 2 0. (4.4) 

The Chern classes of B\ and B 2 are the same, and 

d(fli) = # | Qo , 02(5,) = P (4.5) 

where if is a hyperplane in P 5 , and P is a plane contained in Qq. 

Next, let Y be a smooth quartic hypersurface in Qq. Then Y is a smooth Calabi- 
Yau 3-fold with H^Y, Z) = and Pic(Y) ^ Pic(P n ). Let 

^O.j — Bi\Y 

for i = 1,2, and let L = Cps(l)|y. Fix a point ?/o £ Y. For m G Z, define 

c m = -m[y ] + (1 + P|y + P|y) G A*(Y). (4.6) 
By Theorem 3.55 in [Thoj . the moduli space 2Jti(c ) is smooth and 

M L (c ) = {P ,i, £0,2}. (4.7) 
Moreover, both P ,i an d Po,2 are L-stable. It follows that A(L,c ) = 2. 

Lemma 4.1. Let m > 0. T/ien 9Jtk(c 2m ) isomorphic to Quot^ Q 1 J J Quotg o 2 . 
Proof. Let E G Quotg o . with i = 1 or 2. Then we have an exact sequence: 

-> P -> P 0)i -> Q ->■ (4.8) 
where Q is supported at finitely many points and h°(Y, Q) = m. Note that 

c(P) = c(E ,i)/c(Q) = c /(l + 2m[y Q }) = -2m[y ] + c = c 2m . 
Also, P is L-stable since E 0ti is L-stable. Hence 

Eem L (c 2m ). (4.9) 

Conversely, let P G njti(c 2m ). The same argument in the proof of Theorem 3.55 
in |Tho] . which uses only the first and second Chern classes of P, shows that 
P** = Eo t i where i = 1 or 2. Calculating the Chern classes from the canonical 
exact sequence — > P — > E** — > Q — > 0, we get c(Q) = 1 + 2m[y ]. So Q is 
supported at finitely many points with h°(Y, Q) = m, and 

E G Quot™ . . (4.10) 

It is well-known that the Grothendieck Quot-schemes are fine moduli spaces. So 
over Quot^ Q . xY, there exists universal exact sequence 

— > £ m ,i P2^0,i — > Qm,i 

where p 2 is the second projection of Quot^ o . xY. By (I4.9p . the sheaf 

£ m ,lY[£m,2 (4.11) 
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over Quot^ o 1 J T Quot^ o parametrizes a flat family of Gieseker L-semistable rank- 
2 sheaves with Chern class C2 m . To show that (14. lip is universal, let £ be a flat 
family of Gieseker L-semistable rank-2 sheaves with Chern class C2 m parametrized 
by T. By f |4.10j) and the universal property of Quot-schemes, there is a morphism 

^ : T -> Quot^ I] Quot^ 2 

such that £ = (ifr x Idy)*(£ mj i ]J£ TO) 2)- Therefore, (14. lip is a universal family. □ 

Remark 4.2. From the proof of Lemma |4~T| we see that if the moduli space 0Jti(c m ) 
is not empty, then m must be even and nonnegative. 

Proposition 4.3. Let Y be a smooth quartic hypersurface in the quadric Qo, and 
let c m = -m [y Q ] + (l + H\ Y + P\ Y ) e A*(Y). Then, 

x(1lW) <T = 2 ■ M(g 2 ) 2 ^. (4.12) 
Proof. By Remark 14.21 9Jli(c m ) = if m < or m is odd. So 

+oo 

^ XpL(cJ) g m = XpL(c 2m )) g 2m . (4.13) 

m£Z m=0 

By Lemma O and (JSHJ), e(M L (c 2m ); s,t) = 2-e(Quot™ ffi2 ; s,t). Setting s = t = l 
and using (13.31) . we conclude that x(^L( c 2m)) = 2-%( Quot™ ffi2 ) . Now our formula 
(14.121) follows immediately from (I4.13P and Corollary 13.51 □ 

Let F m C Quot^ Q i be the punctual Quot-scheme defined by: 

F m = {E e Quotes | E 0>1 /E is supported at y }. (4.14) 

Fix a Zariski open neighborhood Y of the point y E Y such that E 0>1 \ Yo — Oy , 
and define the open subset Quot^ () 1 (Y ) C Quot^ 1 by 

Quot^ 01 (F ) = {Ee Quot^ 01 | EqJE is supported in Y }. 

Then, F m C Quot^ (Y ) ^ Quot™ 02 . Consider the embedding T = C* m> T 2 = 
(C*) 2 C Aut((9§ 2 ) via t h> (1, t) and the induced T-action on Quot™ ffi2 . Arguments 

Y o 

similar to those in the proof of Lemma 13.21 show that E G ( Quot™® 2 ) if and only 

if E = Iz x © Iz 2 C Cy © Oy where Z\ and Z 2 are O-dimensional closed subschemes 
of Yq with £(Zi) + £(^2) = Tn. Thus, we obtain 

m 

(Quot>) T S TTffilb^Ko) xHiltf^Yo). (4.15) 

Lemma 4.4. Let Zi and Z 2 6e O-dimensional closed subschemes ofY. Then, 

dimHom(J Zl , Z2 ) + dimHom(/ Z2 , Zl ) = + i(Z 2 ) (mod 2). (4.16) 
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Proof. We have H 2 (Y, O y ) = H l (Y, O y )* = 0. Taking cohomology from the exact 
sequence -»■ J Za ->■ O y -> Oz 2 -»■ 0, we get F 2 (F, I Za ) = ^(F, O z J = 0. Thus, 

Ext 1 (/ Z2 ,O y ) = F 2 (r,/ Z2 )* = 0. 

Applying Hom(J Za ,-) to the exact sequence — > Iz 1 — > Oy —> Zl — > 0, we 
obtain the following exact sequence: 

-> Hom(/ Z2 , I Zx ) -> Hom(/z 2 , Oy) -> Hom(/ Z2 , Zl ) 
->• Ext x (/ Z2 , / Zl ) -> Ext\l Z2 ,0 Y ). 

Since Ext 1 (/ Z2 , Oy) = and Hom(I Z2 , O y ) = C, we conclude that 

dim Horn ( I Z2 , Zl ) = - dim Horn ( I Z2 , IzJ + dimExt 1 (/ Z2 , I Zl ) + 1. 

By symmetry, we have a similar formula for dimHom(I Zl , O z , 2 ). Therefore, 

dim Horn (I Z2 , Zl ) + dim Horn ( I Zl , Oz 2 ) 
= - dim Hom(4 ,I Zl ) + dim Ext 1 (7 Z2 , I Zl ) + 2 

- dim Hom(/z 1 , I Z J + dimExt 1 ^, I Z2 ) 
= - dim Hom(/ Z2 , I Zl ) + dim Ext 1 (I Za , I Zl ) 

+ dim Ext 3 (I Z2 , I Zl ) - dim Ext 2 (7 Z2 , I Zl ) (mod 2) 
= - X (Iz 2 ,I Zl ) (mod 2). (4.17) 

Since C3(I Zi ) = — C3(0 Z J = —2[Zi], the Hirzebruch-Riemann-Roch formula gives 

X (/ Z2 , J Zl ) = J y ch(/ Z2 )* • ch(I Zl ) • td(T y ) = -£(Z X ) + £(Z 2 ). 

Combining this with (I4.17P yields the desired formula (14.161) . □ 
For simplicity, regard Quot^ 01 (lo) = Quot™© 2 . The symmetric obstruction the- 

Y o 

ory on Quot^ restricts to a symmetric obstruction theory on Quot^ Qi (F ) — 

Quot^g)2. This symmetric obstruction theory on Quot'p (Y ) = Quot^® 2 is T- 
u Yq o,i u Ya 

equivariant since the construction of the symmetric obstruction theory is stable 

under base change (see |BF[ IThoj ) and our Gieseker moduli space is fine. Let u, 

be the restriction of Behrend's function z/n U ot m to F m . Then t'ouot™ „|s =v„ 

Lemma 4.5. x(F m ,u m ) = x{F m )- 

Proof. Note that F m C Quot™ ffl 2 is T- invariant. For each n e Z, the subset 

{EeF m - {F m ) T \u m {E) = n} 
is T-invariant and does not contain any fixed point. By (13. 7J , 

e F m - (F m ) T |£ m (£) = n}) = 0. 



in 
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By definition, x( F m,^m) = Y, n & n ' x({ E € F m \y m {E) = n}). Thus, 

X(F m ,Vm) = J2 n ' *({ E E (Fmf\Vm{E) = Tl}) . 

In view of (g35D , E G (F m ) T if and only if E = I Zl © Iz 2 C Cy © Cy where 
Zi G Hilb l (Y > Vo) an d Z 2 G Hilb m ~*(Yo> Uo) f° r some integer i satisfying < i < m. 
In this case, we obtain from Theorem 12.41 (ii) that 

P m {E) = Z/ Quot ™ (E) = Z/ Quot m (E) 

U Y U Y Q 

— ( — I)" " z/ Hiib i (y )xHiib m - i (y )(^i' %V 

— ( — 1) ' z/ Hiib^(y)xHiib m - 4 (y)(^i! Z2) 

where a is the difference between the dimensions of the Zariski tangent spaces: 

a = dimr E Quot™®2-(dimT Zl Hilb i (ro) + dimr Z2 Hilb m - i (r )) 

2 

= dim Hom(/ Zl © I Z2 , Zl © Oz 2 ) - ^ dim Hom(/ Zfc , Zk ) 

k=i 

= i{Z 1 )+l{Z 2 ) (mod 2) 
= m (mod 2). 

by LemmalOl Therefore, u m (E) = (-l) m • z/ Hilbl(y)xHilb m- l(y) (Zi, Z 2 ) and 

m 

= E*^^) G Hilb J (F,y ) x Hilb m - l (y,y )k(Zi,Z 2 ) = {-l) m n}) 

m 

= EZ) 71 -^^^) e Hilb^r,^) x mVo m -\Y,y Q )\v{Z u Z 2 ) =n}) 

i=0 nGZ 
m 

= (-l) m ^x(Hilb J (F,y ) x Hilb m - i (y, 2/0 )^) 

i=0 
m 

= (-l) m ^ X (Hilb J (F,y ),z/ Hilb!(y) ) ■ X (Hilb m - l (y,y )^Hiib^(r)) 

i=0 

where z/ denotes z / Hiib^(y)xHiib m ^(y)- By the Corollary 4.3 in [BFJ, 
x(Hilb t (F, 2 /o)^HiibHy ) ) = (-l)MHihy(F,2/o)). 
Combining this with x((F m ) T ) = x(F m ), we conclude that 

m 

x(Fm,v m ) = ^x(Hiib l (r,y )) ■ xtHiib^or,^)) = x((^ m ) T ) = X(^m). □ 

i=0 
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Theorem 4.6. Let Y be a smooth quartic hypersurface in the quadric Qq, and let 
c m = -m [y ] + (1 + H\ Y + P\ Y ) e A*(Y). Then, 

Y J HL,c m )q m = 2-M(q 2 ) 2 ^ Y \ (4.18) 

meZ 

Proof. By Remark [Ol M L (c m ) = if m < or m is odd. By f)4~2]) . 

£ A(L, c m ) g m = £ A(L, c 2m ) g 2m = £ p t (c 2m )) g 2m (4.19) 

mgZ m=0 m=0 

Adopting the proof of the Theorem 4.11 in |BFj . we conclude that 
x(Quot£ oi ) = £|G Q |-x(^ (Q) )-Il^'^)' 

ahn i 

x(Quot^ 01 ) = 53|c? a |.x(^ (o) )-nx(^). 

ahn i 

Here, for a partition a of n, Gq, denotes the automorphism group of a, £(a) denotes 
the length of a, and denotes the open subset of the product Y e ^ consisting 
of £(a)-tuples with pairwise distinct entries. By Lemma [4. 5[ 

x(Quot£ oi )= X (Quot™ oi ). 
Similarly, x{ Quot™ 2 ) = x{ Quot^ o a ) . By (OS]) and Lemma HH 

+oo 

A(L, c m ) g m = xpxW) g 2m = ^xpiW) <? m 

meZ m=0 m£Z 

Finally, we obtain £ A(L, c m ) g m = 2 ■ M(q 2 ) 2x{¥) from Proposition ES □ 

meZ 

4.3. Donaldson-Thomas invariants, II. 

Let n > 2 and X = P 1 xP" Let p be a point in P 1 , and H be a hyperplane in 
P n . For simplicity, denote the divisor a({p} x P n ) + ^(P 1 x H) by (a, b). When a 
and 6 are rational numbers, (a,b) is a Q-divisor and Ox(a,b) is a Q-line bundle. 
The divisor (1, r) is ample if and only if r > 0. Put 

L r = x (l,r). (4.20) 

Let Y be a generic divisor of type (2, 2, n + 1) in the product 

Z = P 1 x P 1 x P n . 

Then Y is a smooth Calabi-Yau (n + l)-fold. By the Lefschetz hyperplane theorem, 

Pic(F) = Pic(P 1 x P 1 x P n ). 
Let 7Tj be the projection from P 1 x P 1 x P n to the z-th factor, and let 

7T = (7T2 X 7T 3 )|y : Y ->• X = P 1 X P". (4.21) 

Put Y (a,b,c) =7r*C P i(a) (g)7r|0 F i(6) (g) 7r3C P n(c)|y, and 

L Y = Oy{0, 1, r) = 7r*L r . (4.22) 
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Then the projection n : Y — > X = P 1 x P n is a ramified double covering with the 
ramification locus B C X being a smooth divisor of type (4, 2n + 2). In particular, 

7r*0 Y = Ox®O x (-2,-n-l). (4.23) 

By the projection formula, if b < (n + 1), then we obtain 

H\Y,7r*O x (a,b)) = H\X, O x (a, b) ® ir*0 Y ) 

H\X,O x (a,b)®O x (a-2,b-n-l)) 

* H\X,O x (a,b)). (4.24) 

Fix ei, e 2 = 0, 1, and fix a point y G Y. For m G Z, define 

c m = -m[i/ ] + (l + 7r*(-l,l))-(l + 7r*(ei + l,e 2 -l)) 

= (l-mM)-(l + vr*(-l,l))-(l + 7r*( ei + l,e 2 -l))GA*(F). (4.25) 

Our first goal is to study the Gieseker moduli space 0Jt L r(c m ). When m = 0, 
the structure of the moduli space 9JI l y(c ) has been determined in |LQ2| (for 
convenience, we adopt the convention that e/0 = +oo when e > 0): 

Lemma 4.7. (Theorem 4.6 in |LQ2"1 ) Let k = (1 + ei) P + 2 ~ 62 J - 1. 

(i) WTien < r < n(2 — e 2 )/ (2 + ei), i/ie moduli space VJH l y(c ) is empty; 

(ii) When n(2 — e 2 )/(2 + ei) < r < n(2 — e 2 )/ei ; 9Jt L y(c ) isomorphic to F k 
and consists of all the bundles Eq sitting in nonsplitting extensions: 

O y (0, -1, 1) ->• £ Cy (0, ex + 1, e 2 - 1) -)• 0. (4.26) 

Moreover, all these rank-2 bundles Eq are Lj -stable. 

Let n{2 - e 2 )/(2 + e x ) < r < n(2 - e 2 )/e 1( and G ^L^r (co). Consider the 
Quot-scheme Quot^ . Let E G Quot^ . Then we have an exact sequence: 

0^E^E ^Q^0 (4.27) 

where Q is supported at finitely many points and h°(Y, Q) = m. Note that 

c(E) = c(E )/c(Q) = Co/(l + 2m[y ]) = -2m[y ] + c = c 2m . 

Also, -E is L^-stable since E is L^-stable. Hence 

£e%(c 2m ). (4.28) 

In the following, we show that the converse also holds, i.e., every element in 
9Jt L y(c 2m ) is contained in Quot^ o for some E G %JIly (co). 

Lemma 4.8. Let n > 2, e 1; e 2 = 0, 1 and r < n{2 — e 2 )/e 1 . Let E G 97t L y(c m ). 
(i) Then, r > n(2 — e 2 )/(2 + ei) and E sits in an extension 

->• O y (0, -1, 1) ® I Zl £ Oy (0, ei + 1, e 2 - 1) ® J Za (4.29) 

/or some ^-dimensional closed subschemes Z\ and Z 2 ofY satisfying 

m = 2(£(Z 1 )+£(Z 2 )); 
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(ii) Moreover, if r > n(2 — €2)/ {2 + ei), then the above extension does not split. 

Proof. Our proof is slightly modified from the proof of Lemma 4.2 in |LQ2| which 
handles the case m — 0. Since C\(E) = 7r*(ei,e 2 ) and 

02(E) = it* ((2 + e x - e 2 )[p xH]-(l- e 2 )[F 1 x H 2 }), 

(4c 2 (E) - Cl (E) 2 ) ■ Cl {L Y ro ) n - 1 = 2(2 - e 2 )r "- 2 [2(2 + e 1 )r - (2 - e 2 )(n - 1)]. By the 
Bogomolov Inequality, E is L^-unstable if < r < (2 — e 2 )(n — l)/(2(2 + ei)). 
Fix such an r with r < r. Then there exists an exact sequence 

O y {a, 6, c) ® I Zl ^ E ^ Y {-a, e x - b, e 2 - c) (g I Za -»> (4.30) 

such that Oy(a, b, c) ® destablizes E with respect to L^ o , where Z\ and Z 2 are 
codimension at least two subschemes of Y. Therefore, 

Cl (Oy(a,b,c)) - Cl (Llr > ci(E)- Cl (Llr/2. 
A straightforward computation shows that this can be simplified into 

n[(2c - e 2 ) + (n + l)a] + {2a + 2b - ei)r > 0. (4.31) 
On the other hand, since E is L^-semistable, we must have 

n[(2c - e 2 ) + (n + l)o] + (2a + 26 - e x )r < 0. (4.32) 

Calculating the second Chern class from the exact sequence ( 14.301) . we get 

Oy(a, 6, c) ■ Oy(-a, e x - 6, e 2 - c) < c 2 (,E) (4.33) 

since c 2 (Iz x ) and c 2 (/^ 2 ) are effective cycles. Regarding (I4.33j) as an inequality of 
cycles in Z and comparing the coefficients of [p x p x H] and [p x P 1 x H 2 ] yield 

[2a + (26 - ei)](2c - e 2 ) + (n + l)a(26 - ei) > -(ei + 2) (2 - e 2 ), (4.34) 
[(2c - e 2 ) + 2(n + l)a] (2c - e 2 ) > (2 - e 2 ) 2 . (4.35) 

Since < r < r, we see from (14.311) and (14.321) that (2c — e 2 ) + (n + l)a > and 

(2a + 26-ei) < 0. (4.36) 

By (I4.35p . (2c — e 2 ) + 2{n + l)a and (2c — e 2 ) have the same sign, and so must be 
both positive. In particular, c > 1. By (14.341) . 

(n + l)a(26- ei ) > -[2a + (26 - ei)](2c - e 2 ) - (e x + 2)(2 - e 2 ). (4.37) 

In the following, we consider the cases e\ = and e x = 1 separately. 

Assume e x = 0. Using (I4.37P and (I4.36p . we obtain (n + l)a(26) > 0. Together 
with (14.361) one more time, this implies either a < and 6 < 0, or a = and 6 < 0. 
If a < and 6 < 0, then we see from (14.341) that 

-(2-e 2 ) < (a + 6)(2c-e 2 ) + (n + l)ab 

= a(2c-e 2 ) + [(2c-e 2 ) + (n + l)a]6 

< a(2c-e 2 ) < -(2c-e 2 ) 

< ~(2-e 2 ). 



22 



WEI-PING LI AND ZHENBO QIN 



So a = — 1 and c = 1, contradicting to (2c — e 2 ) + (n + l)a > 1 and n > 2. If a = 
and 6 < 0, then 6(2c - e 2 ) > -(2 - e 2 ) by (Oil . Since 6(2c - e 2 ) < -(2c - e 2 ) < 
— (2 — e 2 ), we must have 6 = — 1 and c = 1. By (14.301) . we obtain 

c{E) = C (O y (0,-l,l)®J^)- C (O y (0,l,e 2 -l)® J^) 
c(Oy(0,-l,l)) c(0 y (0, 1,6 2 -1)) 
c(0 Zl (0,-1,1)) ' c(O Z2 (0,l,e 2 -l))" 
Since c(£) = c m = (1 - m[y ]) • c(O Y (0, -1, 1)) • c(O Y (0, 1, e 2 - 1)), we get 

c(O Zl (0, -1, 1)) • c(O Z2 (0, 1, e 2 - 1)) = ^— = 1 + m[y }. (4.38) 

1 - m[y \ 

Thus Zi and Z 2 are 0-dimensional. Hence (14.301) becomes (14. 29ft , and m = 
2(£(Zx) + £(Z 2 )). Note from (j02l> that r > n(2 - e 2 )/2. Moreover, if r > 
n(2 — e 2 )/2, then (14.291) does not split since Cy (0, 1, e 2 — 1) © Iz 2 would destabilize 
E with respect to , contradicting to the assumption _E e 97l L i-(c m ). 
Next, assume e\ — 1. We see from (14.371) and (14.361) that 

(n + l)a(26 - 1) > -(2a + 26 - l)(2c - e 2 ) - 3(2 - e 2 ) > 1 - 6 = -5. 

Soa(26-l) > -1 since 77 > 2. If a(26-l) = -1, then we see from 2a+ (26- 1) < 
that a = — 1 and 6=1. By (14.371) again, we obtain (2c — e 2 ) < 3(2 — e 2 ) — (77 + I) < 
(5 — 77) contradicting to (2c — e 2 ) + 2(77 + l)a > 1 and 77, > 2. Therefore, we 
must have a(26 — 1) > 0. Since 2a + (26 — 1) < 0, we conclude that either a < 
and (26 — 1) < 0, or a = and (26 — 1) < 0. As in the previous paragraph, 
we see that a = 0, 6 = or — 1. If 6 = 0, then we obtain from (I4.32p that 
r > 77(2c — e 2 ) > n(2 — e 2 ) contradicting to our assumption that r < n(2 — e 2 ). 
Therefore, 6 = — 1. As in the previous paragraph again, we verify that c = 1, 
Z 1 and Z 2 are 0-dimensional, (ICTl) becomes (14^91) . m = 2(£(Z 1 ) +£(Z 2 )), and 
r > 77(2 — e 2 )/3. Moreover, if r > 77(2 — e 2 )/3, then (14.291) does not split. □ 

Remark 4.9. Let 77 > 2, and ei,e 2 = 0,1. By Lemma |4.8[ the moduli space 
M L r(c m ) is empty if < r < 77(2 - e 2 )/(2 + d). When 

77(2-e 2 )/(2 + ei ) <r <n{2-e 2 )/e 1 , 

the moduli space 2Jt L y(c TO ) is empty if m < or m is odd. 

Remark 4.10. As evidenced in [ LQ2] , the critical value r = ?t,(2 — e 2 )/(2 + E\) is 
equivalent to saying that Lj lies on a certain wall in the ample cone of Y. 

Remark 4.11. Not every sheaf E sitting in a nonsplitting extension (14.291) is con- 
tained in the moduli space 9Jt L y(c m ). The reason is that we might have 

E** = O Y (0, -1,1)© Oy(0, ei + 1, e 2 - 1), 

and then E will have a subsheaf Oy (0, ei + 1, e 2 — 1) © Iz (for some 0-dimensional 
closed subscheme Z) destablizing E with respect to . 

Lemma 4.12. Let n > 2. Let ei, e 2 = 0, 1 ; and m > 0. Assume that 
77(2 - e 2 )/(2 + £l ) <r< 77(2- e 2 )/ ei . 
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(i) If E E M L Y(c 2m ), then E** E M l y(c ), E E Quot^« ; and E is L% stable; 

(ii) We have E E 9Jt L y (c 2m ) if and only if E E Quot^ o for some rank-2 sheaf 
E E WI l y(c ). Moreover, in this case, E = E** . 

Proof. Note that (ii) follows from (i) and (14. 28ft . For (i), we see from Lemma l4~8l (i) 
that the double dual E** sits in an exact sequence: 

O y (0, -1, 1) -»■ E** -> O y (0, e 1 + 1, e 2 - 1) -»■ 0. (4.39) 

In addition, we have the canonical exact sequence: 

0->E-> E**->Q->0 (4.40) 

where Q is supported at finitely many points. The exact sequence (14. 39ft does not 
split since otherwise, we see from ( 14.40)) that E would have a subsheaf 

Oy(0, ex + 1, e 2 - 1) ® I z 

(for some 0-dimensional closed subscheme Z) destablizing E with respect to Lj, . 
By Lemma H2] (ii), E** E WI l y(c ). Calculating the Chern classes from (I4.40|) . we 
conclude that h°(Y,Q) = m. Therefore, E E Quot^»». By Lemma 14.71 (ii) again, 
E** is L^-stable. Hence the sheaf E is Ljf-stable as well. □ 

By Lemma l4T71 (ii) and a standard construction (see [HS] ) . there exists a universal 
vector bundle £ over 0Jt L y(c o ) x Y which sits in the exact sequence: 

p* 2 Y (0, -1, 1) £q p;Cy(0, ei + 1, e 2 - 1) ® p*£ (4.41) 

where p\ and p 2 are the two natural projections of 9Jt£y(c ) x Y, and £ stands for 
the line bundle Of,k(— 1) on P fc = 9Jt L y(co). For simplicity, put 

Quotw : = Q uot Fo/M ir (co)xy/m! ir (c ) • ( 4 - 42 ) 

Note that the fiber of the natural morphism Quot^/ — >■ TI l y (c ) at a point i£ £ 
DJI l y(c q ) is canonically identified with the Quot-scheme Quot^ Q . 

Proposition 4.13. Let n > 2. Let ei, e 2 = 0, 1, and m > 0. Assume that 

n(2 - e 2 )/(2 + £l ) < r < n(2 - e 2 )/ei. 
T/ien i/ie moduli space OTt^y (c 2m ) isomorphic to the Quot-scheme Quotg*/. 

Proof. Follows immediately from Lemma T4.12I (ii), the universal property of Quot- 
schemes, and an argument similar to the proof of Lemma 14.11 □ 

Proposition 4.14. Let n > 2. Let ei, e 2 = 0, 1, m > 0, and 

*=(! + «.)( „ ')-!■ 

Assume that n(2 — e 2 )/(2 + ei) < r < n(2 — e 2 ) / ei . Then, 

/+oo \2-x00 

^ X (M L >-(c m ))g m = (A; + l)- ^P„(m)g 2m . (4.43) 

mgZ \m=0 / 
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Proof. Note from Remark 14.91 that 9Jt L y(c m ) = if m < or m is odd. So 

+ 0O 

x(M L r(c m )) q m = J2 x(Wl L r(c 2m )) q 2m . (4.44) 

mGZ m=0 

By Proposition 14.131 e(DJl L Y (c 2m ); s, i) = e( Quot^; s, i). Since the rank-2 uni- 
versal sheaf £ over TI l y(c ) x Y is locally free, we have 

e( Quot£\; s, t) = el Quot^e? „s,t 

by (13. 8p . Note that there exists a canonical isomorphism 
Quotas = Quot> xI L y(c„) 

by the universal property of Quot-schemes. It follows from (I3.5P that 
e(M L Y(c 2m );s,t) = e ^Quot^ xI L 7(c );s,i) 

= e ^Quot™© 2 ; s,*J • e (97t L y(c ); s,t) . 

Since 9tt L y(c ) = P fe and e{F k ; s,t) = (1 - - st), we get 

1 _ (st) k+1 / \ 

e(M L Y{c 2m ) ]S ,t) = ^-L ■ e [Quotas, tj . (4.45) 

Setting s = t = 1, we see that (T4~43l) follows from (14441) . (1331) and TheoremGLl □ 

Lemma 4.15. Let Sq be the universal sheaf over DJI l y(c ) x Y sitting in the exact 
sequence \4-4ty - ^ x a point y £ Y . Let U be an open affine neighborhood of y 
such that O y (0,-1,1) \u = O v and Oy(0,ei + l,e 2 - l)\u = O v . Then, 



'0lOT L y(c )xC7 - Pi \y<M L Y {co) 

where p\ : DJI l y(c ) x U — > 9Jt L y(c ) denotes the first projection. 
Proof. Restricting the exact sequence (14.4ip to 9Jl L y(c ) x U yields 

O £ \m Y(co)xU p\C 

where (9 denotes 0^ r ( Co )xc/- So it suffices to prove Ext (9) = 0, i.e., 

F 1 p L v(c )xf/,p^ 1 ) = 0. (4.46) 

Recall that M l y(c ) = P fe and £ = Opk(-l). Let p 2 : P fe x [/ -> 17 be the second 
projection. By the Leray spectral sequence, we obtain an exact sequence 

Q^H\U,{p2)*pXO vk {l)) ^H l (P k x U,p{Opk(l)) ^ H°(U,R l (p 2 )*plO ¥k (l)). 

Since U is affine, H 1 ^, (p 2 )*plO W k(i)) = 0. Since R l (p 2 )*p\0 V k(l) = 0, we con- 
clude that H\F k x [/,p*C pfe (l)) = 0. This verifies (Q6|) . □ 
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Now let n — 2. Then Y is a smooth Calabi-Yau 3-fold with Hi(Y,Z) = 0. For 
the fixed point y EY, let Y be an open affine neighborhood of y such that both 
Oy(0, — 1, 1)\y an d Cy(0, e\ + 1, e 2 — l)|y are trivial. Define 

F m = {E e Quot^/ I is supported at y }, 

Quot^ o/ (y ) = {Ee Quot^/ | E**/E is supported in Y }. 

Then F m C Quot^Oo) S C^"^^^^ by LemmaES Consider 

the embedding T = C* T 2 = (C*) 2 C Aut(C pfe © O pk (-l)) via t ^ (l,t) and 

the induced T-action on Quot m / \ . As in Lemma 13721 and f l4.15D . 

P *(o pfc eo pfc (-i))/p fc xy„/pfc v ' 

(\ T m 
QUOt ;t(o r .^<-i»)/P«xW,.) S UP'xHilb'MxHilb-TO. (4.47) 

An argument similar to the proof of Lemma 14.51 proves that 

X(Fm^m) = (-I)" ■ x(Fm) (4-48) 

where v m is the restriction of Behrend's function z/Q UOt m to F m . 

Theorem 4.16. Let Y C P 1 xP 1 xP 2 be a generic smooth Calabi-Yau hypersurface. 
Let ei, e 2 = 0, 1, and k = (1 + ei)(4 - e 2 )(3 - e 2 )/2 - 1. let tt : Y P 1 x P 2 be 
the restriction to Y of the projection of P 1 x P 1 x P 2 to the product of the last two 
factors. Fix a point y$ G Y , and define in A*(Y) the class: 

c m = -m[y ] + (1 + tt*(-1, 1)) • (1 + 7r*( ei + 1, e 2 - 1)). 

(i) IfO < r < 2(2-e 2 )/(2 + ei), then \(L^,c m ) = for all m e Z. 

(ii) 7/2(2 - e 2 )/(2 + e l )<r< 2(2 - e 2 )/e 1; then 

HLr, c m )q m = (-l) fe ■ (k + 1) ■ M(g 2 ) 2 *( y ). (4.49) 

Proof, (i) In this case, 9Jt L y(c m ) = by Remark H~9l Hence A(L^,c m ) = 0. 
(ii) By Remark 14.91 Proposition 14.131 and ( 14.2j) . we have 

+oo +oo 

KL Y r , Cm)q m = Yl KL Y r , c 2m )q 2m = £ %{ Quot™ o/ ) g 2m . (4.50) 

meZ m=0 m=0 

By Lemma [4. 151 we can adopt the proof of the Theorem 4.11 in [BFJ. So 
x(Quot™/) = ^iG a |- X (Y ^).nx(^,^), 

ahn i 

x(Quot^) = ^|G Q |-x(^ (Q) )-II^)- 

ahn i 

By (@3HD, x(Quot^ o/ ) = (-l) fc • x(Quot^ o/ ). By (143UD and Proposition El 

£ KL Y r , c m )q m = {-If ■ (k + 1) • M(g 2 ) 2 *( y ). □ 
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